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Abst ract - - In  this contribution, a more stringent localization ofthe absolute maxima of the lw~ (x) I 
function, in the case of a uniform subdivision of the approximation i terval, is proved. A table of 
such locations and maximum values for n up to 12 is included at the end. © 2004 Elsevier Ltd. All 
rights reserved. 
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1. INTRODUCTION 
The function wn(x) = (x - xo)(x - x l ) . . .  (x - Xn), where X = {x0, x l , . . . ,  Xn} is a sorted set of 
nodes in the real interval [a, 5] (x0 = a, x~ = b), plays a most important  role in the expression for 
the error s(x) = f (x)  -Pn  (x) made when approximating a univariate function f (x)  over [a, b] by 
means of the n th degree polynomial p~(x) based on X. In particular, its maximum value is used 
in est imating the upper bound of the error norm. 
As is well known [1,2], such a function has the following properties. 
1. It is a polynomial of degree n + 1, with the same number of real roots located at x~, 
(i = o, 
2. Its derivative w~n(x) has exactly n real roots ~ (i = 1 , . . .  ,n), such that  ~i E (x i - l ,x i ) ,  
coinciding with the points of relative maxima of ]w~(x)l. 
Furthermore, if the nodes are equally spaced (X = { x~ = a + ih; i = 0, 1, . . . ,  n; h = (b - a ) /n  } ), 
then 
3. Iw=(x)[ is symmetric with respect o the center of the interval, (a + 5)/2; 
4. Iwn(x - h)l > Iwn(x)l for each x < (a + b)/2, x • zi. 
As a consequence, ]w~(x)] has a unique absolute maximum at 2 = (a + 5)/2 for n = 1, 
while in the case of a uniform subdivision and n _> 2, there are two symmetric absolute maxima 
21 E (a, a + h) and 22 E (b -  h, b); hence, the search can be confined to one of the two subintervals, 
say, (a, a + h). 
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2. THE THEOREM 
The above-mentioned search interval can be further reduced because of the following result. 
THEOREM. Let X = {x~ = a+ih; i = 0, 1,. . . ,  n; h = (b-a) /n} be a set of uniformly distributed 
nodes in the real interval [a, b], with n > 2. The function 
[02 n (X)[ = [(X--X0) (X-- X l ) ' ' ' (X - -  Xn)] 
has two symmetric absolute maxima Xl e (a, a + h/2) and 22 E (b - h/2, b). 
PROOF. Because of symmetry, it is sufficient o prove that 21 e (a, a + h/2). This is done by 
showing that w~(x) has a root in that interval. 
Such a derivative is given by 
w~ (x)= (x -a - ih )  , 
j=0 i 
which can be written, by isolating the contributions for j = 0 and j = 1, as 
w n(x)=(x -a -h)H(x -a - ih )+(x -a )  (x -a - ih )  T (x -a )  (x -a - ih )  . 
Therefore, it results that 
n (>0,  forneven,  
' = -h )1 - [  w n (a) ( ( - ih)  i=2 < 0, for n odd, 
since there are exactly n strictly negative factors. On the other hand, 
i=2 "= 2=2 ki=l,~ 
i  or e en 
2 >0,  fo rnodd,  j=2 ki=l,n 
since each term in the summation is the product of n - 1 strictly negative factors. Hence, for all 
values of n, there is a change of sign in w~(x) between a and a + h/2, and therefore, Jn(x) has a 
root in such interval. 
This, together with Properties 2-4 mentioned in the Introduction, proves the thesis. | 
3. A TABLE  OF  VALUES 
According to the previous result, the locations ~ and values Iw,~(~)] of the absolute maxima 
in the reference interval [-1, 1] have been evaluated for n up to 12 by means of the method of 
secants (on w~ (~)) applied in the subinterval [ -  1, - 1 + 1/n], with a precision of 10-10. The values 
obtained are shown in the Table 1. 
From these, the corresponding locations and values for a generic interval [a, b] can be easily 
obtained through the transformation formulae 
: 7 ~  + - - - -~ ,  W n (X) : 0.) n (~-~. 
Of course, the use of a narrower search interval has resulted in a faster convergence of the 
method. 
About the Maxima 481 
n 
Table 1. 
1 0.0 
2 -0.57735027 
3 -0.74535599 
4 
5 
6 
7 
8 
9 
10 
11 
12 
1.0 
0.38490018 
0.19753086 
-0.82221643 0.11348226 
-0.86537861 0.06922606 
-0.89267920 0.04382346 
-0.91134993 0.02844744 
-0.92484500 0.01880326 
-0.93501010 0.01259916 
-0.94291573 0.00853226 
-0.94922303 0.00582750 
-0.95436106 0.00400797 
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